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Recently, it has been shown that atomic structure determination with X-ray

fluorescence holography (XFH) can be hindered by matrix effects, i.e. beam

attenuation and indirect excitation. The analysis was limited to the monochro-

matic regime. In this work, the description of matrix effects is extended to the

polychromatic case. It is shown that matrix effects affect the element sensitivity

of white-beam XFH by introducing distortions in the holographic signal which

may lead to spurious maxima in the reconstructed image. For high energies of

the X-ray beam it is found that the effect of beam attenuation is very weak and

indirect excitation mainly contributes to the distortions. A correction for matrix

effects is proposed in the high-energy range, which allows one to remove the

distortions and retrieve pure element-sensitive information. Numerical model

calculations are performed to visualize the reduction of element sensitivity and

its implications on local structure imaging.

1. Introduction
X-ray fluorescence holography (XFH) is a tool for direct

three-dimensional atomic structure analysis (Tegze & Faigel,

1996; Hayashi et al., 2012), which combines X-ray diffraction

and X-ray fluorescence spectroscopy. There are two variants

of XFH, the direct (Tegze & Faigel, 1996) and the inverse

(Gog et al., 1996) mode. The first is often referred to as the

emission mode and the second as the absorption mode. This

paper deals with the inverse mode in which structure infor-

mation is drawn from photon interference effects caused by a

coherent superposition of the incident X-ray wave with waves

scattered from atoms inside the sample. The resulting inter-

ference pattern is probed at the positions of absorbing atoms

by measuring the fluorescence yield. Therefore, it can be

viewed as a fractional change of the photoionization cross

section of absorbing atoms due to the presence of neighboring

atoms (Nishino & Materlik, 1999, 2001). Equivalently, using

the internal detector concept (Gog et al., 1996), it can be

interpreted as a hologram of the atomic structure around the

absorbing atoms. The main strength of XFH lies in the ability

to image local atomic arrangements around specifically chosen

elements in the sample and to determine the positions of these

elements in the crystal lattice (Tegze et al., 2000; Marchesini et

al., 2000, 2002; Kopecky et al., 2001; Chukhovskii & Poliakov,

2003; Hosokawa et al., 2009; Hu et al., 2014).

Recently, however, it has been reported that for mono-

chromatic incident X-ray radiation matrix effects, i.e. beam

attenuation (BA) and indirect excitation (IE), may hinder

proper atomic structure imaging with XFH (Dul et al., 2013). It

has been shown that the holographic signal may contain not

only information about the structure around the absorbing

atom, from which fluorescence is measured, but also infor-

mation about the structure around other atoms. This is due to

the lack of direct proportionality between the photoionization

cross section and the fluorescence yield. Beyond the thin-

sample approximation, the incident beam is attenuated by all

elements in the samples, and therefore photoionization cross

sections of all these elements need to be considered in the

fluorescence yield. Moreover, elements may be indirectly

excited by fluorescence from other elements, which further

complicates the relation between the fluorescence yield and

the photoionization cross sections. Consequently, matrix

effects may lead to distortions in the holographic signal, which

in turn may lead to aberrations and/or spurious maxima in the

reconstruction images of atomic structure.

For a monochromatic X-ray beam a solution to this problem

was presented by Dul et al. (2013). It was shown that a

correction for matrix effects is possible provided that holo-

grams from all elements that significantly contribute to the

total absorption coefficient of the sample can be measured.

These holograms are then combined into sets of linear equa-

tions from which the pure element-sensitive holograms can be

retrieved.

Similarly to its monochromatic counterpart, white-beam

XFH (Korecki et al., 2011; Dąbrowski et al., 2013) provides

local atomic structure information. The usage of polychro-

matic X-rays significantly changes the nature of the holograms.

Owing to the short longitudinal coherence length of white

X-rays, the holographic signal becomes localized along the

forward scattering directions. This enables structural analysis

from a single hologram without twin images (Len et al., 1997)

and with negligible extinction effects (Zachariasen, 1967;

Korecki et al., 2004). Moreover, white-beam holograms can be

interpreted as quasi-real-space projections of the crystal
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structure, providing useful structure information even before

the application of reconstruction procedures (Korecki &

Materlik, 2001; Korecki, Tolkiehn & Novikov, 2009). In the

light of the recent monochromatic XFH results, matrix effects

can be crucial for white-beam XFH.

In this work we describe matrix effects in white-beam X-ray

fluorescence holography. We introduce an analytical model

which takes into account beam attenuation and indirect

excitation in white-beam XFH. According to the model, the

overall influence of matrix effects on white-beam XFH is

similar to that in the monochromatic case, i.e. they reduce

element sensitivity and lead to artifacts in real-space recon-

struction. However, contrary to monochromatic XFH, it is

shown that in a general case a correction for matrix effects, i.e.

the retrieval of pure element-sensitive holograms, is hardly

possible. Yet, for high energies of the X-ray beam, it is shown

that the effect of beam attenuation is very weak, while indirect

excitation remains important regardless of the X-ray beam

energy. This allows us to propose an approximate but efficient

correction for matrix effects, which is valid for beam energies

far above the K edges of elements that constitute the sample.

This correction allows one to eliminate distortions of the

holographic signal caused by matrix effects and restores

element sensitivity. Numerical model calculation are

performed for the InAs crystal.

2. Matrix effects in white-beam XFH

2.1. Building a theoretical model

For a monochromatic beam the holographic signal, or

simply hologram, �i can be written in terms of the photo-

ionization cross section �i of an absorbing element i as

(Nishino & Materlik, 1999)

�iðE; �; ’Þ ¼ �0
i ðEÞ 1 þ �iðE; �; ’Þ

� �
; ð1Þ

where �0
i is the photoionization cross section of an isolated

atom of kind i and E is the X-ray beam energy. In XFH

experiments �i is probed by measuring the fluorescence yield

Yi;� from element i through a chosen emission line �. A typical

detection geometry for holographic experiments is presented

in Fig. 1(a). A flat, thick sample is illuminated by a beam of

X-rays and is rotated with respect to the incident beam by two

angles � and ’. The detector is placed at fixed angular posi-

tions given by �0. For thick samples and for monochromatic

radiation the holographic signal �i is related to the measured

fluorescence yield Yi;� by (Dul et al., 2013)

Yi;�ðE; �; ’Þ ¼ Y0
i;�ðE; �Þ 1 þP

n

ci;n;�ðE; �Þ�nðE; �; ’Þ
� �

; ð2Þ

where the n sum runs over all the elements that constitute the

sample. The Y0
i;� term is given by the fundamental parameter

equation of X-ray spectroscopy (Sherman, 1955; Beckhoff et

al., 2006):

Y0
i;�ðE; �Þ ¼

gi;�I0ðEÞWi�
0
i;�ðEÞ

cos � e��ðE; �;Ei;�Þ
Hi;�ðE; �Þ; ð3Þ

where the concentration of element i is denoted by Wi, gi;� is a

detector-dependent constant and I0 gives the number of

photons per second hitting the sample. The energy of the �
line emitted by element i is denoted by Ei;�. The X-ray fluor-

escence cross section �0
i;� is equal to �0

i;� ¼ !iSFi;��
0
i;S, where !iS

is the fluorescence yield of shell S, Fi;� is the fractional

radiative rate of the � emission line and �0
i;S is the partial

photoionization cross section of an isolated atom of kind i.

The term e�� in the denominator reads e��ðE; �;Ei;�Þ ¼
�ðEÞ= cos � þ �ðEi;�Þ= cos �0, and � is the total mass

attenuation coefficient of the sample. The Hi;� term reads

Hi;�ðE; �Þ ¼
�

1 þ 1

�0
i;�ðEÞ

�
X
j;�

Wj�
0
i;�ðEj;�Þ�0

j;�ðEÞLðE; �;Ei;�;Ej;�Þ
� ��

; ð4Þ

and the L term

LðE; �;Ei;�;Ej;�Þ ¼
1

2

�
cos �

�ðEÞ ln

�
1 þ �ðEÞ

�ðEj;�Þ cos �

�
þ cos �0

�ðEi;�Þ
ln

�
1 þ �ðEi;�Þ

�ðEj;�Þ cos �0

��
: ð5Þ

The � sum in Hi;� runs over all the emission lines that can

excite i and the j sum runs over all the elements to which these

lines correspond. Wj denotes the concentration of element j,

Ej;� is the energy of the � line emitted by element j and �0
j;� is

the X-ray fluorescence cross section defined analogously to

�0
i;�. The ci;n;� coefficients in equation (2) are given by

ci;n;�ðE; �Þ ¼
1

Hi;�ðE; �Þ
cBA
i;n;�ðE; �Þ þ cIE

i;n;�ðE; �Þ
� �

; ð6Þ

where

cBA
i;n;�ðE; �Þ ¼ 	in �

�0
nðEÞWn sec �e��ðE; �;Ei;�Þ

; ð7Þ

cIE
i;n;�ðE; �Þ ¼

1

�0
i;�ðEÞ

X
j;�

Wj�
0
i;�ðEj;�Þ�0

j;�ðEÞLðE; �;Ei;�;Ej;�Þ

� cBA
j;n;�ðE; �Þ þ

L0
nðE; �;Ej;�Þ

LðE; �;Ei;�;Ej;�Þ
� �

: ð8Þ
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Figure 1
The assumed detection geometry (a) and the input energy spectrum I0

simulated for the I12 beamline at the Diamond Light Source assuming a
2 mm Cu absorber (b).
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The L0
n term in equation (8) is given by

L0
nðE; �;Ej;�Þ ¼

�0
nðEÞWn

2�ðEÞ
1

�ðEj;�Þt
� cos �

�ðEÞ ln tð�Þ½ �
� �

; ð9Þ

where tð�Þ ¼ 1 þ �ðEÞ=½�ðEj;�Þ cos ��, �0
n is the mass attenua-

tion coefficient of element n and 	in is the Kronecker delta.

The ci;n;� coefficients are crucial in the context of element

sensitivity and describe the influence of matrix effects on

XFH. Formally they are given by linear terms of the Taylor

expansion of the fluorescence yield Yi;� with respect to the

holographic signals �n (Dul et al., 2013). Hence, they describe

the contribution of the hologram from element n to the

fluorescence yield from element i. In an idealized situation, for

small atomic systems or thin samples, ci;n;� ¼ 	in. For thick

samples one can expect that ci;n;� will deviate from zero for

i 6¼ n and will be less than one for i ¼ n. Therefore, the

fluorescence yield from a particular element can contain

‘mixed’ holographic information from all elements whose

photoionization cross sections significantly contribute to the

total absorption coefficient of the sample.

In order to obtain the fluorescence yield in the case of

polychromatic radiation equation (2) needs to be integrated

over energy, i.e.

Yi;�ð�; ’Þ ¼
R1
0

Y0
i;�ðE; �Þ

� 1 þP
n

ci;n;�ðE; �Þ�nðE; �; ’Þ
� �

dE: ð10Þ

In this case I0ðEÞ (in units of photons s�1 keV�1) in Y0
i;�

describes the energy spectrum that is incident on the sample.

Fig. 1(b) presents an example polychromatic spectrum which

will be used in the remainder of the article for numeric

calculations. The spectrum was simulated for the Diamond

Light Source I12 beamline (http://www.diamond.ac.uk/Beamlines/

Engineering-and-Environment/I12.html). The simulation was

carried out with the XOP package (del Rio & Dejus, 2004).

Result (10) can be rewritten in a more convenient form as

Yi;�ð�; ’Þ ¼ Y0
i;�ð�Þ 1 þP

n

�i;n;�ð�; ’Þ
� �

; ð11Þ

where

Y0
i;�ð�Þ ¼

R1
0

Y0
i;�ðE; �Þ dE ð12Þ

and the white-beam hologram reads

�i;n;�ð�; ’Þ ¼
1

Y0
i;�ð�Þ

Z1
0

Y0
i;�ðE; �Þ

� ci;n;�ðE; �Þ�nðE; �; ’Þ dE: ð13Þ
For an idealized situation, with negligible matrix effects

ðci;n;� ¼ 	inÞ, �i;n;� can be viewed as a weighted average of

monochromatic holograms where the weights are given by

Y0
i;�. This averaging enhances the forward scattering character

of the holographic signal. In general, ci;n;� are not equal to 	in,

depend both on energy and �, and can influence the amplitude

as well as the shape of �i;n;�.
On the one hand equation (11) gives the theoretical relation

between the fluorescence yield Yi;� and the white-beam

holograms �i;n;�. On the other hand in experiments the holo-

graphic signal is retrieved from the measured fluorescence

yield according to (Korecki et al., 2011)

Yi;�ðE; �; ’Þ ¼ Y0
i;�ðE; �Þ 1 þ �exp

i;� ðE; �; ’Þ
� �

: ð14Þ
In the above equation �exp

i;� denotes the polychromatic holo-

gram, which can be obtained from the measured fluorescence

yield Yi;� by subtracting the component of the slowly varying

background Y0
i;�. A comparison of the theoretical result (11)

with the one used in experiments [equation (14)] yields

�exp
i;� ð�; ’Þ ¼

P
n

�i;n;�ð�; ’Þ: ð15Þ

Equation (15) basically says that element sensitivity of �exp
i;� is

reduced also in white-beam XFH.

The goal is to propose an approach that would allow one to

restore element sensitivity of �exp
i;� . A general procedure seems

to be hard to achieve owing to the structure of equation (15).

The main problem lies in the number of unknowns �i;n;� which

depend in a nontrivial way on ci;n;� and Y0
i;�. As an example of

this problem let us consider the case of InAs, for which

equation (15) can be written as, for example,

�exp
In;K
ð�; ’Þ ¼ �In;In;K
ð�; ’Þ þ �In;As;K
ð�; ’Þ; ð16aÞ

�exp
As;K
ð�; ’Þ ¼ �As;In;K
ð�; ’Þ þ �As;As;K
ð�; ’Þ: ð16bÞ

In equations (16a) and (16b) is it assumed that two holograms

are measured with K
 radiation: one In hologram ð�exp
In;K
Þ and

one As hologram ð�exp
As;K
Þ. The left hand side is assumed to be

known from experiment. The right hand side contains four

element-sensitive terms (�In;In;K
, �In;As;K
, �As;In;K
 and

�As;As;K
), which remain to be determined. Clearly, it is not

possible to solve equations (16a) and (16b). For samples that

contain more than two elements the number of unknowns is

even greater. A solution can be, however, found in a special

case, i.e. in the limit of high energies. To show this we examine

how ci;n;� and Y0
i;� depend on energy.

3. The high-energy limit

We begin with the high-energy dependence of ci;n;�. As an

example, the ci;n;� coefficients are plotted as a function of

energy in Fig. 2(a) for the mentioned case of InAs for � = 45�

and �0 = 0�. The xraylib library was used to calculate the

relevant cross sections and mass attenuation coefficients

(Schoonjans et al., 2011). In all four cases that are presented in

Fig. 2(a) the ci;n;� coefficients show an asymptotic behavior for

high energies. The values of these asymptotes can be estimated

in the following way. The ci;n;� coefficients depend on energy

indirectly through �0
i;�ðEÞ, �0

j;�ðEÞ, �ðEÞ and �0
nðEÞ. Although

the dependence of these cross sections/mass attenuation

coefficients on energy is complicated, they can be very well
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approximated with the Victoreen equations (Victoreen, 1943,

1948, 1949), namely

�0
i;�ðEÞ ¼

ai;�
E3

þ bi;�
E4
; ð17aÞ

�0
j;�ðEÞ ¼

aj;�

E3
þ bj;�

E4
; ð17bÞ

�ðEÞ ¼ a

E3
þ b

E4
þ d; ð17cÞ

�0
nðEÞ ¼

an
E3

þ bn
E4

þ dn; ð17dÞ

where ai;�, bi;�, aj;�, bj;�, a, b, an and bn are constants. In

equations (17a) and (17b) the constants d and dn are absent

because �0
i;� and �0

j;� are proportional only to the partial

photoionization cross sections. If we substitute equations

(17a)–(17d) into the expression for ci;n;� from equation (6) and

take the high-energy limit E ! 1 we obtain

c1i;n;�ð�Þ ¼ lim
E!1

ci;n;�ðE; �Þ

¼ 1

H1
i;�ð�Þ

cBA;1
i;n;� ð�Þ þ cIE;1

i;n;� ð�Þ
� �

: ð18Þ

The H1
i;�, c

BA;1
i;n;� and cIE;1

i;n;� terms are given by

cBA;1
i;n;� ð�Þ ¼ 	in �

dnWn cos �0

d cos �0 þ �ðEi;�Þ cos �
; ð19Þ

cIE;1
i;n;� ð�Þ ¼

X
j;�

aj;�Wj�i;�ðEj;�Þ
2ai;�

�
cos �

d
ln½uð�Þ�

þ cos �0

�ðEi;�Þ
lnðwÞ

�
cBA;1
j;n;� ð�Þ þ dLð�Þ� �

; ð20Þ

dLð�Þ¼ dnWn d� uð�Þ�ðEj;�Þ cos � ln½uð�Þ�� 	
uð�Þ d2�ðEj;�Þ cos � ln½uð�Þ�=dþ cos �0 lnðwÞ=�ðEi;�Þ

� 	 ;
ð21Þ

H1
i;�ð�Þ ¼ 1 þ

X
j;�

aj;�Wj�i;�ðEj;�Þ
2ai;�

� cos �

d
ln½uð�Þ� þ cos �0

�ðEi;�Þ
lnðwÞ

� �
; ð22Þ

with uð�Þ ¼ 1 þ d=½�ðEj;�Þ cos �� and w ¼ 1 þ �ðEi;�Þ=
½�ðEj;�Þ cos �0�. Result (18) gives the values of the asymptotes

of the ci;n;� coefficients. In Fig. 2(a) the estimated c1i;n;�
asymptote values are marked with dashed horizontal lines.

The necessary ai;�, aj;�, d and dn constants were obtained by

fitting equations (17a)–(17d) to �0
i;�ðEÞ, �0

j;�ðEÞ, �ðEÞ and

�0
nðEÞ, respectively. The fits were performed in the energy

range from 30 to 300 keV, i.e. above the K edges of both In and

As. There is a generally good agreement between the numeric

values of ci;n;� and c1i;n;�. In the case of cAs;In;K
 and cAs;As;K
 the

estimated asymptotes are slightly shifted from the numerical

values. This can be attributed to the fitting range, which started

relatively close to the K edge of In.

We now turn our attention to Y0
i;�. The dependence of Y0

i;�

on energy is plotted in Fig. 2(b) for our InAs example and the

spectrum from Fig. 1(b). The gi;� factor was set to one. From

Fig. 2(b) it follows that Y0
In;K
 and Y0

As;K
 are approximately

the same. In fact, for two elements i and j and two energy lines

� and � it can be shown that

lim
E!1

Y0
i;�ðE; �Þ

Y0
j;�ðE; �Þ

¼ yi;j;�;�ð�Þ; ð23Þ

where

yi;j;�;�ð�Þ ¼
gi;�Wi

gj;�Wj

ai;�½dþ �ðEj;�Þ= cos �0�
aj;�½dþ �ðEi;�Þ= cos �0�

H1
i;�ð�Þ

H1
j;�ð�Þ

: ð24Þ

To obtain the limit in equation (23) we have again substituted

equations (17a), (17b) and (17c) for the relevant cross

sections/mass attenuation coefficients in Y0
i;� and Y0

j;�. It
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Figure 2
(a) The ci;n;� coefficients as a function of energy for InAs. The solid lines
show the values of ci;n;� and the dashed horizontal lines show the
estimated asymptotic values c1i;n;�. (b) Energy dependence of Y0

As;K
,
Y0

In;K
, �0
AsI0 and �0

InI0. The inset shows an enlargement of the region
around the peak, which is marked with a rectangle. The ci;n;�, Y

0
As;K
 and

Y0
In;K
 plots are drawn for � = 45� and �0 = 0�.
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follows from equation (23) that for high energies Y0
i;� and Y0

j;�

are equal up to a constant factor yi;j;�;�ð�Þ, i.e. Y0
i;� ¼ yi;j;�;�Y

0
j;�,

or equivalently that they have the same shapes. The special

case in Fig. 2(b) is an approximation of the general result (23).

Of course the limit E ! 1 must not be understood

explicitly. It is only taken to approximate the behavior of ci;n;�
and Y0

i;� for energies much higher than the K absorption edges

of the elements in the sample. With the results from the

previous two paragraphs, equation (15) can be rewritten as

�exp
i;� ð�; ’Þ ¼

P
n

c1i;n;�ð�Þ�1n ð�; ’Þ; ð25Þ

where

�1n ð�; ’Þ ¼ 1

Y0ðE; �Þ
Z1
0

Y0ðE; �Þ�nðE; �; ’Þ dE: ð26Þ

In equation (26) we have introduced Y0 ¼ yi;�Y
0
i;� ¼ yj;�Y

0
j;�,

since Y0
i;� and Y0

j;� have approximately the same shapes for

high energies. The constants yj;� and yi;� are defined through

equation (23) as yj;�=yi;� ¼ yi;j;�;� and Y0 ¼ R1
0 Y0 dE. It must

be noted that equation (25) holds only in the high-energy limit

and only for appropriately shaped energy spectra, i.e. those

that have a lower-energy cutoff far above the K edge of the

heaviest element in the sample. The crucial point is that

holograms �1n , in contrast to �i;n;�, do not depend on the

matrix effect coefficients ci;n;�.

Equation (25) is in principle analogous to equation (15) in

the sense that element sensitivity of �exp
i;� is reduced. However,

now the sum on the right hand side is composed from a

product of two terms, c1i;n;� and �1n , instead of just �i;n;�. This

enables one to propose a correction procedure for matrix

effects which restores element sensitivity. The general idea is

analogous to the one presented by Dul et al. (2013). If

appropriately many �exp
i;� holograms are measured then equa-

tion (25) can be rewritten as a linear set of equations in which

the number of unknowns is equal to the number of equations.

For example, for the two holograms �exp
In;K
 and �exp

As;K
 from

equations (16a) and (16b), equation (25) can be written as"
�exp

In;K
ð�; ’Þ
�exp

As;K
ð�; ’Þ

#
¼

"
c1In;In;K
ð�Þ c1In;As;K
ð�Þ
c1As;In;K
ð�Þ c1As;As;K
ð�Þ

#
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

C1

"
�1In ð�; ’Þ
�1Asð�; ’Þ

#
:

ð27Þ

As in the case of equations (16a) and (16b) the left hand side

of equation (27) is assumed to be known from experiment.

Now there are only two element-sensitive unknowns, namely

�1In and �1As. The system of equations can be easily solved by

inverting the C1 matrix. As a final remark let us note that in

general the systems of equations obtained from equation (25)

can be easily made overdetermined by measuring �exp
i;� holo-

grams for various elements in the sample, emission lines or �0

angles.

4. Effect of element-sensitivity reduction on the
holographic signal and local structure imaging

The proposed solution of equation (15) was derived in the

high-energy limit. This limit can only be treated as an

approximation of realistic experimental conditions. In order to

show that the proposed approach of element-sensitivity

restoration works for realistic spectra which can be obtained

from available hard X-ray wigglers and bending magnets, we

have performed numerical model calculations for InAs. These

allow us also to visualize how matrix effects may influence the

holographic signal, i.e. the reduction of element sensitivity as

well as local structure imaging with white-beam XFH. We use

the spectrum from Fig. 1(b). This has a lower cutoff at around

�40 keV, which is �12 keV higher than the In K edge. For the

chosen spectrum IE takes place for As atoms because the In K

lines lie above the As K edge.

First, for comparison we have simulated two holograms

without matrix effects. This situation corresponds to small

systems of atoms. The fluorescence yield in this case is directly

proportional to �i, i.e. Yi;� /
R1

0 �iI0 dE, and the polychro-

matic hologram �i can be expressed as

�ið�; ’Þ ¼
R1
0

�0
i ðEÞI0ðEÞ�iðE; �; ’Þ dE: ð28Þ

Two holograms were simulated using formula (28): one In

hologram ð�InÞ and one As hologram ð�AsÞ. They are shown in

Figs. 3(a) and 3(b), respectively. The holograms were calcu-

lated on a 360 � 600 (� � ’) grid for clusters that had a radius

of 40 Å. The � range in which the holograms were simulated

was limited from 20 to 85�. The �0 angle was set to 0�. The �
limits and the �0 value were chosen in such a way as to mimic

typical experimental conditions. In particular, aligning the

detector with the sample’s surface normal reduces the

contribution of the emission hologram and/or Kossel lines.

This contribution can also be reduced by using detectors with

wide angular acceptance. The integrals over energy were

calculated numerically. The monochromatic �i holograms

were calculated according to

�iðE; k̂kÞ ¼ �2re

X
l

flðE; k̂kÞ
rl

Re exp½ikðrl � k̂k � rlÞ�
� 	

; ð29Þ

where the l sum runs over all the atoms in the atomic cluster, re

is the Thomson scattering length, fl is the atomic scattering

factor, the rl vector gives the position of the scattering atom

with respect to the absorbing atom of kind i, rl ¼ jrlj, the unit

vector k̂k determines the propagation direction of the incident

beam and kðÅ�1Þ ¼ 1:97334EðkeVÞ is the standard wave-

vector–photon energy conversion.

Next, we simulated two polychromatic holograms with

matrix effects, one In hologram ð�exp
In;K
Þ and one As hologram

ð�exp
As;K
Þ. They were calculated with equations (16a) and (16b).

The parameters of the calculation such as the cluster size, the �
limits, the �0 value and others were the same as in the case of

�i. Figs. 3(c) and 3(d) present the �exp
In;K
 and �exp

As;K
 holograms,

respectively. To all the simulated holograms Poissonian noise

which corresponded to 107 photons per pixel was added.
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The final step was the application of equation (27) to the

simulated holograms with matrix effects. As a result, two

holograms �1In (Fig. 3e) and �1As (Fig. 3f) were obtained.

Equation (27) was solved by calculating ðC1Þ�1.

Before discussing the results a few comments on the general

features of polychromatic holograms have to be made.

Figs. 3(g) and 3(h) show projections of atomic structure

around In and As atoms in InAs. If one compares the simu-

lated holograms without matrix effects with these projections,

the quasi-real-space nature of polychromtic holograms

becomes evident. The dark spots can be attributed to signals

from atomic rows. The visible bands can be attributed to

signals from atomic planes (Korecki, Tolkiehn & Novikov,

2009). As shown in previous work (Korecki et al., 2006, 2011)

the shape of these bands can be precisely described using

kinematical diffraction theory. For high-energy and poly-

chromatic X-rays the coherence length is short, which implies

that dynamical scattering and/or extinction effects are negli-

gible.

The comparison of �In (Fig. 3a) and �exp
In;K
 (Fig. 3c) does not

show any significant differences between the two holograms.

Although, there is a slight decrease in the amplitude of �exp
In;K
,

which is higher close to � = 90�, the two holograms are nearly

identical. In general, it can be concluded that the impact of BA

on polychromatic holograms for high energies is very weak.

This behavior can be explained with the cBA
i;n;� coefficients. In

equation (7) the �0
nðEÞWn sec �=e��ðE; �;Ei;�Þ term is strongly

suppressed because for energies far from the K edges

�ðEi;�Þ 	 �ðEÞ. Therefore, the value of cBA
i;n;� is close to one if

i ¼ n and is close to zero if i 6¼ n. It is only for grazing angles

that cBA
i;n;� diverges from these values, yet in the case of grazing

angles more sophisticated models are needed to describe �exp
i;�

properly. The very weak effect of BA on the holograms is in

agreement with experiment. For hard X-ray experiments no

significant effects that can be related to BA have been

observed (Korecki et al., 2011).

However, one can observe a variety of differences between

the �As (Fig. 3b) and �exp
As;K
 (Fig. 3d) holograms. By means of

the discussion in the previous paragraph these differences are

attributed to IE rather than BA. In �exp
As;K
 the visible bands

that correspond to signals from the f111g planes are

symmetric, whereas in �As they are antisymmetric. Addition-

ally, the dark spots in the ½111�, ½111� and h011i directions are

more intense in �exp
As;K
 than in �As. Moreover, there is a

reduction in the overall amplitude of �exp
As;K
. As we shall see

these distortions of the hologram may lead to aberrations and

spurious maxima in reconstruction images, which can be

misinterpreted as signal from atoms. This possibility was

already pointed out in a recent laboratory experiment in

which discrepancies in the electron density reconstructions

were observed (Dąbrowski et al., 2013).

The comparison of �In and �As (Figs. 3a and 3b) with �1In

and �1As (Figs. 3e and 3f) confirms the validity of the proposed

elimination procedure. All the mentioned characteristics due

to IE are absent in �1As. The remaining slight differences

between �In, �As and �1In , �1As (e.g. the amplitude difference

between �In and �1In ) result from the already mentioned fact

that equation (27) is only approximately valid for realistic

hard X-ray spectra.

To determine the impact of matrix effects on local structure

imaging the simulated holograms have been analyzed with the
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Figure 3
Simulated holograms and InAs structure projections. Holograms without
matrix effects: (a) �In, (b) �As; with matrix effects: (c) �exp

In;K
, (d) �exp
As;K
;

corrected for matrix effects: (e) �1In , ( f ) �1As. InAs atomic structure
projections around In (g) and As (h) atoms. Atoms (balls) up to 5.05 Å
from the central atom are marked in color and surrounded with circles.
The size of the atoms is inversely proportional to their distance from the
central atom and proportional to their atomic number. The inner dashed
circle marks � = 20�, the outer dashed circle � = 85� and the outer solid
circle � = 90�. The left halves of the holograms have no noise for better
presentation.
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inverse windowed wavelet transform (IWWT). This allows

one to obtain two-dimensional projections of local atomic

structure around an absorbing atom (Korecki, Novikov &

Tolkiehn, 2009). The IWWT image Fðk̂kÞ of a � hologram is

defined as (Dul & Korecki, 2012)

Fðk̂kÞ ¼ C 
R
�

�ðk̂k0Þ�k̂kðk̂k0Þ d�: ð30Þ

The integration space � is a full sphere and �k̂kðk̂k0Þ is defined

as

�k̂kðk̂k0Þ ¼
1

2q0#
2

�
exp

��q0#
2

s2
c

� �
sin

�
q0#

2

s2
c

�
� exp

��q0#
2

s2
b

� �
sin

�
q0#

2

s2
b

��
; ð31Þ

where # ¼ arctanðk̂k � k̂k0Þ, q0 ¼ k0r0=2, � ¼ �k=ð2k0Þ, sc ¼
ðrc=r0Þ�1=2 and sb ¼ ðrb=r0Þ�1=2. The C constant is given by

C ¼ k0r0=½� arctanð��1Þ�. The r0, rb and rc parameters must

fulfill r0 
 rb< rc, and r0 is set to the minimum value for which

equation (30) is valid. The rb and rc values determine the

radial section from the absorbing atom in which the IWWT is

calculated. If r0 ¼ rb then atomic signals from rb to �rc, where

�rc ’ rcð1 þ�k=k0Þ, contribute to Fðk̂kÞ. We set r0 ¼ rb ¼ 1 Å

and rc ¼ 6 Å. The k0 and �k values describe the shape of the

effective energy spectrum NðE; �Þ, which is integrated with the

monochromatic hologram to obtain a polychromatic one. The

effective spectrum can be identified if equations (13), (26) and

(28) are rewritten in a more generalized form as

�ð�; ’Þ ¼ R1
0 NðE; �Þ�ðE; �; ’Þ dE. In the high-energy limit

NðE; �Þ can be conveniently approximated by �0
i I0 in a wide �

range. As an example, for indium arsenide Y0
In;K
, Y

0
As;K
, �0

InI0

and �0
AsI0 are compared with each other in Fig. 2(b). The k0

and �k values can be determined by fitting a Lorentzian

function to �0
i I0, which is centered at k0 and has a full width at

half-maximum equal to �k. The values determined from fits

are k0 ¼ 36:2 Å�1, �k ¼ 15:8 Å�1 for �0
AsI0 and k0 ¼

36.5 Å�1, �k ¼ 16:1 Å�1 for �0
InI0. Six IWWT images have

been obtained, one for each hologram in Fig. 3. The images of

�In, �exp
In;K
, �1In , �As, �

exp
As;K
 and �1As will be denoted by FIn,

F
exp
In;K
, F1

In , FAs, F
exp
As;K
 and F1

As, respectively.

The obtained IWWT images are shown in Fig. 4. For a

better presentation only the positive values are shown. The

comparison of FIn (Fig. 4a) and FAs (Fig. 4b) with the

projections of the atomic structure around In and As atoms

(Figs. 3g and 3h) allows one to establish a direct correspon-

dence between the IWWT image and the local atomic struc-

ture around absorbing atoms. All the maxima in FIn and FAs

can be attributed to signals from atoms. The maxima inside

white circles can be atributed to signals from atoms that lie no

further from the absorbing atom than 5.05 Å. All other

maxima can be attributed to signals from atoms that lie further

than 5.05 Å from the absorbing atom.

Since �In, �exp
In;K
 and �1In differ by very little, FIn, F

exp
In;K
 and

F1
In (Figs. 4a, 4c and 4e) are nearly identical. Although there

are slight differences in the amplitudes of the IWWT images,

qualitatively they are in good agreement. There are no visible

artifacts or aberrations.

On the other hand �As and �exp
As;K
 differ significantly and

there are significant differences between the FAs and F
exp
As;K


images (Figs. 4b and 4d). In F
exp
As;K
 two additional maxima

have appeared in the ½111� and ½111� directions as compared to

FAs. These maxima are marked with arrows in Fig. 4(d). They

originate from the nearest neighbors of In atoms, which are

marked with arrows in Fig. 3(g). The positions of the addi-

tional maxima and the In nearest neighbors coincide. The

additional maxima appear because, through �As;In;K
, �exp
As;K


caries structure information about the surrounding of In. For

the same reason maxima in the h011i directions in F
exp
As;K
 have

higher intensities than in FAs. Moreover, signals from atoms

closest to the inner dashed circle and those closest to the outer

dashed circle appear to be blurred in F
exp
As;K
. All these features

could hinder proper local structure imaging with white-beam

XFH. They could be misinterpreted as additional atoms. The

additional maxima and image aberrations are, however,

absent in F1
As (Figs. 4f), i.e. after the elimination of matrix

research papers

548 Dul and Korecki � Matrix effects in white-beam XFH J. Appl. Cryst. (2015). 48, 542–549

Figure 4
Projections of local atomic structure around In and As atoms obtained
with the IWWT from the (a) �In, (b) �As, (c) �exp

In;K
, (d) �exp
As;K
, (e) �1In and

( f ) �1As holograms. In all the plots the inner dashed circle marks � = 20�,
the outer dashed circle � = 85� and the outer solid circle � = 90�.
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effects. The IWWT images FAs and F1
As are in good agreement,

the only difference being the slightly higher amplitude of F1
As.

5. Conclusion

In conclusion, a model was developed which takes matrix

effects into account in white-beam X-ray fluorescence holo-

graphy. It was shown that these effects may lead to a reduction

of element sensitivity of white-beam holograms and as a result

cause distortions of the holographic signal. It was argued that

in the high-energy limit, far from the absorption edges of the

elements that constitute the sample, the effect of beam

attenuation is very weak. Conversely, indirect excitation was

found to be important, regardless of the energy range.

Numerical model calculations performed for InAs have

revealed that the reduction of element sensitivity may hinder

proper atomic structure imaging. In the high-energy limit an

elimination procedure was put forth which allows one to

remove the distortions of the holographic signal and restore

element sensitivity. The proposed approach opens the way for

proper element-sensitive imaging of local atomic structure

with white-beam XFH.
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